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Abstract

Many prospective applications of topological photonics involve intrinsically nonlinear media with gain
and loss, such as encountered in lasers, plasmonic structures, or excitonic condensates. I describe how
symmetries known from the linear context extend to these situations. This allows us to define topologically
protected, dynamically stable states, including stationary states replicating zero modes and power-oscillating
states. These considerations also determine the quantum-limited noise in the system.

Electronic topological systems such as insulators or superconductors depend on the interplay of three fun-
damental symmetries—time-reversal symmetry, chiral symmetry and charge-conjugation symmetry—as well as
the number of spatial dimensions in which the system is realized. The last decade has seen considerable efforts
to formulate a photonic counterpart of this framework. The main complications—gain and loss that change the
particle number, as well as interactions and nonlinearities—have only been tackled incompletely. First, while
the same three symmetries mentioned above still play an important role in nonconserving media, their interplay
is much richer. This leads to a very large class of possible scenarios, in which topological phases also involve
the lifetime of the modes [1]. As a consequence one can encounter topological effects that only appear beyond
a threshold value of gain and loss (hence do not have an electronic counterpart) [2]. For many of these effects
only spectral characterizations exist, while the status of the bulk-boundary principle (which underpins much of
the research in the electronic setting) is unclear. Secondly, a similar emergence of new topological effects also
appears from nonlinearities. such as induced by bosonic interactions or gain saturation [3].

After motivating these complications by the cited examples, I will argue that topological lasers and conden-
sates provide a concrete physical platform for which some practical progress can be made. For such systems the
lifetime of modes has a direct bearing on the mode competition, while nonlinearities are essential to stabilize
the systems at their working point. It turns out that the charge-conjugation symmetry—originally encountered
in superconducting settings—naturally extends to these cases. In the linear setting one obtains a mode com-
petition in which topologically protected modes can be naturally favoured [1, 4]. For this one exploits that the
topological modes break a symmetry in a very concrete manner [5], which tells us how to distribute the gain.
Furthermore, as the charge-conjugation symmetry preserves the arrow of time it can be extended into a dyna-
mical symmetry [3, 6], which allows precise definitions of symmetry-protected stationary modes (which do have
a linear counterpart) and symmetry-protected nonstationary modes (which do not have a linear counterpart,
and turn out to be automatically periodic). Topological lasers and condensates that operate by these principles
have been realized in a range of recent experiments [7].
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